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NON-HAMILTONIAN ISOTOPIC LAGRANGIANS ON THE
ONE-POINT BLOW-UP OF CP 2
ANDRE´S PEDROZA
Abstract. We show that two Hamiltonian isotopic Lagrangians in (CP 2, ωFS)
induce two Lagrangian submanifolds in the one-point blow-up (C˜P 2, ω˜ρ) that are
not Hamiltonian isotopic. Furthermore, we show that for any integer k > 1 there
are k Hamiltonian isotopic Lagrangians in (CP 2, ωFS) that induce k Lagrangian
submanifolds in the one-point blow-up such that no two of them are Hamiltonian
isotopic.
1. Introduction
In symplectic topology, one of many important problems that are still far from un-
derstanding is the classification of embedded Lagrangian submanifolds. Among the
various notions of equivalence between Lagrangian submanifolds is the one of Hamil-
tonian isotopic; two Lagrangian submanifolds are said to be Hamiltonian isotopic if
there is a Hamiltonian diffeomorphism that maps one Lagrangian to the other La-
grangian submanifold. This notion is of particular interest, among other cases, in the
context of Fukaya categories; in this category the objects are the classes of Hamil-
tonian isotopic Lagrangians. In this note, we show that on the symplectic one-point
blow up the collection of Hamiltonian isotopic Lagrangian submanifolds is larger than
that on the symplectic manifold itself. Needless to say it is what is expected; but the
claim rests on the fact that there are Hamiltonian isotopic Lagrangian submanifolds
on the base manifold that lift to Lagrangian submanifolds on the one-point blow up
which are not Hamiltonian isotopic.
To be more precise, consider (CP 2, ωFS) with the Hamiltonian circle action {ψt}0≤t≤1
given by
ψt([z0 : z1 : z2]) = [z0 : e
2piit·1z1 : e
2piit·2z2].(1)
The symplectic form ωFS is the Fubini-Study symplectic form normalized so that the
area of the line is π. Consider the Lagrangian submanifolds
L0 := RP
2 and L1 := ψ1/2N0 (RP
2),
for a large fixed N0 ∈ N. The Hamiltonian diffeomorphism ψ1/2N0 is of the type of
diffeomorphism that appears in Y.-G. Oh’s computation of HF(RP 2,RP 2) in [8]. In
Section 6 we define a symplectic embedding ι : (B4(1/
√
3), ω0) → (CP 2, ωFS) whose
1
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image misses L0 and L1. Here B
4(r) stands for the closed ball of radius r in (R4, ω0).
Further, we arrange the symplectic embedding so that x0 := ι(0) lies in a unique
holomorphic disk, with respect to the standard integrable complex structure, whose
boundary lies in the Lagrangian submanifolds L0 and L1 and its Maslov index is
equal to 1. Remember from [8], that in this case all holomorphic disks with boundary
on the Lagrangians and connecting intersection points of L0 with L1 are part of a
holomorphic sphere in (CP 2, ωFS). Next blow up the point x0 in (CP
2, ωFS) with
respecto to the symplectic embedding ι; thus we have π : (C˜P 2, ω˜ρ) → (CP 2, ωFS)
where the weight of the blow up is such that ρ2 = 1/3. The fact that the embedded
ball misses the Lagrangians L0 and L1, ensures that L˜0 := π
−1(L0) and L˜1 := π
−1(L1)
are Lagrangian submanifolds in (C˜P 2, ω˜ρ). We claim that such Lagrangians are not
Hamiltonian isotopic.
Theorem 1.1. If L0 := RP
2 ⊂ (CP 2, ωFS) and (C˜P 2, ω˜ρ) is the symplectic one-point
blow of (CP 2, ωFS) of weight ρ = 1/
√
3, then there exists a Lagrangian submanifold
L1 such that is Hamiltonian isotopic to L0; L˜0 := π
−1(L0) and L˜1 := π
−1(L1) are
monotone Lagrangian submanifolds in (C˜P 2, ω˜ρ), and its Lagrangian Floer homology
is
HF(L˜0, L˜1) ≃ Λ{pt}.(2)
In particular, L˜0 and L˜1 are not Hamiltonian isotopic in (C˜P
2, ω˜ρ).
The generator in Eq. (2) is the intersection point of L˜0 with L˜1 that when projected
to (CP 2, ωFS) under the blow up map, is not on either end of the holomorphic disk
that contains the blown up point. Recall that RP 2 and ψ1/2N (RP
2) intersect at
precisely three points.
In the above result the Lagrangian L1 corresponds to ψ1/2N0 (RP
2). In fact one can
take L1 to be any Lagrangian submanifold of the form ψ1/2N (RP
2) for any N ∈ N
greater than N0. What is important about the Lagrangian submanifold is that it
should avoid the image of the symplectic embedding ι : (B4(1/
√
3), ω0)→ (CP 2, ωFS)
and the time-parameter 1/2N should be small in order to apply the results of Y.-
G. Oh [8]. Hence for such values of N and Lagrangian L(N) := ψ1/2N (RP
2), the
Lagrangian submanifolds L˜0 and L˜(N) := π
−1(L(N)) are not Hamiltonian isotopic
in (C˜P 2, ω˜ρ).
Theorem 1.1 claims that there is at leat one more class of a Hamiltonian isotopic
Lagrangian submanifolds in (C˜P 2, ω˜ρ) than in (CP
2, ωFS). However, is possible to
obtain more than one new class of Hamiltonian isotopic Lagrangian in the blow up
from a collection of Hamiltonian isotopic Lagrangian submanifolds in (CP 2, ωFS).
NON-HAMILTONIAN ISOTOPIC LAGRANGIANS ON THE ONE-POINT BLOW-UP OF CP
2
3
Theorem 1.2. If k is a positive integer and (C˜P 2, ω˜ρ) is the symplectic one-point
blow of (CP 2, ωFS) of weight ρ = 1/
√
3, then there exist Hamiltonian isotopic La-
grangian submanifolds L0 = RP
2, L1, . . . , Lk in (CP
2, ωFS) that lift to monotone
Lagrangian submanifolds L˜0, L˜1, . . . , L˜k in (C˜P
2, ω˜ρ) such that no two of them are
Hamiltonian isotopic.
We remark that the above argument cannot be implemented in (CP n, ωFS) for
n > 2. The reason been that if (C˜P n, ω˜ρ) is monotone, then its weight is larger
than 1/
√
2; and according to P. Biran [2, Theorem 1.B] the image of every symplectic
embedding ι : (B2n(ρ), ω0)→ (CP n, ωFS) necessarily intersects RP n. Hence, it is not
possible to lift of RP n to (C˜P n, ω˜ρ) as a Lagrangian submanifold when n > 2. Since
in order to lift a Lagrangian submanifold to the blow up, the Lagrangian must avoid
the embedded ball that is used to define the symplectic one-point blow up.
Of course this is the case if we stick to Lagrangian Floer homology for monotone
Lagrangian submanifolds. Instead if one considers the theory of Lagrangian Floer
homology developed by K. Fukaya, Y.-G. Oh, H. Ohta and K. Ono [3], it seems that
our arguments will still work. The advantage in this setting is that the radius of the
embedded ball can be made relatively small, this cannot be done in the monotone
case. Further one can consider more than two Lagrangian submanifolds and compare
the higher order relations µk on the manifold with the higher order relations on the
blown up manifold. No attempt has been made here to verify these assertions.
Another important case that is not cover in the present article is the case when
then blown up point lies in the Lagrangian submanifold. For instance A. Rieser [10]
studied the case of blowing up a point in a Lagrangian submanifold that correspond
to the real part of an anti-symplectic involution.
Beside the fact that it is possible to symplectically embed the ball B4(1/
√
3) into
(CP 2, ωFS) without intersecting L0 = RP
2, there is another feature of (CP 2, ωFS)
that works in our favor. Namely, the fact that the standard complex structure is
regular for the pair (L0, L1) of Lagrangian manifolds. See Y.-G. Oh [8, Proposition
4.3]. Hence in order to restate Theorem 1.1 for other closed symplectic manifolds
(M,ω) there must exists a regular almost complex structure J such that ι∗J = J0
where J0 is the standard complex structure on C
n and ι : (B2n(ρ), ω0) → (M,ω) is
the symplectic embedding used to define the monotone one-point blow up (M˜, ω˜ρ).
Theorem 1.3. Let (M,ω) be a closed symplectic manifold that is simply connected,
and L0 and L1 Hamiltonian isotopic Lagrangian submanifolds that intersect transver-
sally and avoid the image of ι : (B2n(ρ), ω0)→ (M,ω). If
a) there exists a regular almost complex structure J on (M,ω) for (L0, L1) such
that ι∗J = J0, and
b) ι(0) lies in a unique J-holomorphic disk of Maslov index 1, whose boundary
lies in the Lagrangian submanifolds,
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then L˜0 := π
−1(L0) and L˜1 := π
−1(L1) are monotone Lagrangian submanifolds in
(M˜, ω˜ρ) that are not Hamiltonian isotopic.
Theorem 1.1 is a particular case of Theorem 1.3 for the case of (CP 2, ωFS), L0 =
RP 2 and L1 = ψ1/2N (RP
2). The proof of Theorem 1.1 is structured as follows. In
Section 6 we define a symplectic embedding ι : (B4(1/
√
3), ω0) → (CP 2, ωFS) that
avoids the Lagrangian submanifolds L0 and L1 and verify assertion b). Finally, as
mentioned above, assertion a) follows from the work of Y.-G. Oh [8]. The proof of
Theorem 1.1 appears at the end of Section 6.
The reason why HF(L0, L1) is not isomorphic to HF(L˜0, L˜1) is the existence of
a unique holomorphic disk u of Maslov index 1 that contains the blown up point
x0 = ι(0) in its interior and whose boundary lies in the Lagrangian submanifolds L0
and L1. After blowing up x0, the holomorphic disk u induces a holomorphic disk u˜ in
the blow up whose Maslov index is no longer equal to 1. Apart from that issue, the two
homologies are isomorphic, even if some holomorphic disk intersects the embedded
ball ι(B2n(ρ)).
Corollary 1.4. Assume all the hypothesis of Theorem 1.3 except b). If ι(0) does not
lie in any J-holomorphic disk of Maslov index 1, then
HF(L0, L1) ≃ HF(L˜0, L˜1)
as Λ-modules.
We say that a Hamiltonian diffeomorphism ψ on (M,ω) has a lift to (M˜, ω˜ρ) if there
exists ψ ∈ Ham(M˜, ω˜ρ) such that π ◦ ψ˜ = ψ ◦ π. Then from Theorem 1.1 we have the
following result on (CP 2, ωFS) concerning lifts of Hamiltonian diffeomorphisms.
Corollary 1.5. Let L0 and L1 be Lagrangian submanifolds in (CP
2, ωFS) as in The-
orem 1.1. If ψ ∈ Ham(CP 2, ωFS) is such that ψ(L0) = L1, then ψ does not admit a
lift to (C˜P 2, ω˜ρ).
From this result we see that it is impossible to have a Hamiltonian diffeomorphism
ψ : (CP 2, ωFS) → (CP 2, ωFS) such that ψ(L0) = L1 and supp(ψ) ∩ ιB4(ρ) = ∅;
since such diffeomorphism admits a lift. Furthermore, there are Hamiltonian diffeo-
morphisms ψ such that supp(ψ) ∩ ιB4(ρ) 6= ∅ and admit a lift. For instance if ψ
is such that under the coordinates induced by the embedding ι it can be expressed
as a unitary matrix on ιB4(ρ). Such Hamiltonian diffeomorphisms were considered
by the author in [9]. Hence there are no Hamiltonian diffeomorphisms ψ such that
ψ(L0) = L1 and behave in a U(n)-way in a neighborhood of ιB
4(ρ).
The bottom line here is to discard the natural Hamiltonian diffeomorphism that
comes to mind if we know that L0 is Hamiltonian isotopic to L1 in (CP
2, ωFS) and we
would like to see that L˜0 is Hamiltonian isotopic to L˜1. That is, if Ht : (CP
2, ωFS)→
R is a Hamiltonian function of ψ = ψ1 where ψ(L0) = L1, then the Hamiltonian
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diffeomorphism φ = φ1 ∈ Ham(C˜P 2, ω˜ρ) induced by Ht ◦ π does not necessarily map
L˜0 to L˜1. It goes without saying that the same holds for the type of symplectic
manifolds and Lagrangians considered in Theorem 1.3
The article is organized as follows. In Sections 2 and 3 we review Lagrangian
Floer homology and the symplectic blow up respectively, with the intention to set
the notation throughout the article. The way to define a lift of a holomorphic disk
to the blow up is discussed in Section 4. Also the relation between the Maslov index
of a holomorphic disk and its lift is presented in that section. In Section 5 we show
regularity of the almost complex structure on the blow up and prove Theorem 1.3. In
the last section we focus on (CP 2, ωFS); we define the required symplectic embedding
in order to perform the blow up and prove Theorem 1.1.
The author thanks Stanford University where part of this work was carried out and
Prof. Eliashberg for his support and guidance. And also thanks Yasha Savelyev for
stimulating discussions on the results presented here. The author was supported by
a CONACYT grant CB-2010/151856.
2. Lagrangian Floer Homology
Throughout this note (M,ω) will denote a closed symplectic manifold, J = {Jt}0≤t≤1
a family of ω-compatible almost complex structures, and L0 and L1 compact con-
nected Lagrangian submanifolds that intersect transversally. Let X (L0, L1) denote
the set of intersection points. Then for p and q in X (L0, L1) and β ∈ π2(M,L0 ∪ L1)
denote by M̂(p, q, β, J) the set of smooth maps u : R× [0, 1]→M such that:
• satisfy the boundary conditions
u(s, 0) ∈ L0, and u(s, 1) ∈ L1, for all s ∈ R
and
lim
s→−∞
u(s, t) = q and lim
s→+∞
u(s, t) = p;
• represent the class β, [u] = β and
• are J-holomorphic,
∂J(u) :=
∂
∂s
u(s, t) + Jt
∂
∂t
u(s, t) = 0.
The moduli space M̂(p, q, β, J) admits an action of R, given by r.u(s, t) = u(s−r, t).
Denote byM(p, q, β, J) the quotient space of the action. Elements ofM(p, q, β, J) are
called holomorphic strips; they also received the name of holomorphic disks since R×
[0, 1]i is conformally equivalent to the closed disk minus two points on the boundary.
In some cases the space M̂(p, q, β, J) is in fact a smooth manifold. To that end,
take into account the linearized operator D∂,u of ∂J at u ∈ M̂(p, q, β, J). Then for
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integers k and p such that p > 2 and k > p/2 we have the Sobolev space of vector
fields whose k-weak derivatives exist and lies in Lp, and with boundary restrictions;
W pk (u
∗TM ;L0, L1) :={ξ∈W pk (u∗TM) |ξ(s, 0)∈ TL0, ξ(s, 1) ∈ TL1 for all s ∈ R}.
There exists Jreg(L0, L1), a dense subset of ω-compatible almost complex structures
in J (L0, L1) such that for J ∈ Jreg(L0, L1) the linearized operator
D∂(J),u : W
p
k (u
∗TM ;L0, L1)→ Lp(u∗TM).
is Fredholm and surjective for all u ∈ M̂(p, q, β, J). Elements of Jreg(L0, L1) are
called regular. In this case the index of D∂(J),u equals the Maslov index µL0,L1([u]) of
the homotopy type of u in π2(M,L0 ∪ L1). Note that in the case when J is regular
the dimension of the moduli space M̂(p, q, β, J) is independent of the regular almost
complex structure.
Let CF(L0, L1) denote the Λ-vector space generated by the intersection points
X (L0, L1). Here Λ stands for the Novikov field
Λ :=
{
∞∑
j=0
ajT
λ
j
∣∣∣∣aj ∈ Z2, λj ∈ R, limj→∞λj =∞
}
.
In the case when [u] ∈ M(p, q, β, J), µL0,L1([u]) = 1 and J is regular the moduli
space M(p, q, β, J) is 0-dimensional and compact, thereby a finite set of points. Set
#Z2M(p, q, β, J) to be the module 2 number of points of M(p, q, β, J). The Floer
differential ∂J : CF(L0, L1)→ CF(L0, L1) is defined as
∂J(p) :=
∑
q∈X (L0∩L1)
[u]:index([u])=1
#Z2M(p, q, [u], J) T ω([u]) q.(3)
If the Lagrangian submanifolds L0 and L1 are monotone and the minimal Maslov
number of L0 and L1 is greater than or equal to two, then ∂J ◦ ∂J = 0. In this case
the Lagrangian Floer homology of (L0, L1) is defined as
HF(L0, L1) :=
ker ∂J
im ∂J
.
Is important to note that the homology group HF(L0, L1) does not depend on the
regular ω-compatible almost complex structure.
The role played by the coefficient field Λ becomes essential in the definition of
the differential ∂. In principle the sum in Eq. (3) can be infinite, but by Gromov’s
compactness there are only finitely many homotopy classes whose energy is below a
determined value. Hence Λ assures that Eq. (3) is well-defined.
For further details in the definition of Lagrangian Floer homology in the monotone
case see [7]; and also [1] and [3] for a more broader class of symplectic manifold where
Lagrangian Floer homology is defined.
NON-HAMILTONIAN ISOTOPIC LAGRANGIANS ON THE ONE-POINT BLOW-UP OF CP
2
7
3. Review of the symplectic one-point blow up
The symplectic one-point blow up plays a fundamental role in this note. Hence we
review the definitions of the complex and symplectic one-point blow up. To that end,
consider the complex blow up of Cn at the origin Φ : C˜n → Cn, where n > 1. That is
C˜n = {(z, ℓ) ∈ Cn × CP n−1 | z ∈ ℓ}
and the blow up map is given by Φ(z, ℓ) = z. For r > 0, let L(r) := Φ−1(int(B2n(r)))
where B2n(r) ⊂ Cn is the closed ball and int(·) stands for the interior of the set.
If (M,J) is a complex manifold and ι : (intB2n(r), J0) → (M,J) is such that
ι∗J = J0 and x0 = ι(0), then the complex blow up of M at x0 is defined as
M˜ := (M \ {x0}) ∪ L(r)/ ∼(4)
where z = ι(z′) ∈ ι(int(B2n(r))) \ {x0} is identified with the unique point (z′, ℓz′) ∈
L(r) and ℓz′ is the line determined by z
′. So defined, M˜ carries a unique complex
structure J˜ such that the blow up map π : (M˜, J˜) → (M,J) is (J˜ , J)-holomorphic.
The preimage of the blown up point π−1(x0) = E is called the exceptional divisor.
Further, the blow up map induces a biholomorphism M˜ \ E →M \ {x0}.
The next task is to define the symplectic one-point blow up. The symplectic blow
up relies on the complex blow up. However there is not a unique symplectic blow up;
there is a whole family of symplectic forms on the one-point blow up.
As a first step we look at (Cn, ω0) and define a symplectic structure on C˜n. Here
ω0 is the standard symplectic form on euclidean space. For ρ > 0, consider the
symplectic form
ω(ρ) := Φ∗(ω0) + ρ
2pr∗(ωFS)
on C˜n where pr : C˜n → CP n−1 is the canonical line bundle and the Fubini-Study
form (CP n−1, ωFS) is normalized so that the area of every line is π. Note that on the
exceptional divisor the symplectic form ω(ρ) restricts to ρ2ωFS. So in (C˜n, ω(ρ)) the
area of any line in the exceptional divisor is ρ2π.
Next, the symplectic form ω(ρ) is perturb in such a way so that in the complement
of a neighborhood of the exceptional divisor agrees with the standard symplectic form
ω0. Once this is done, following the definition of the blow up manifold (4) it will be
possible to define a symplectic form on M˜ .
For r > ρ let β : [0, r]→ [ρ, r] be any smooth function such that
β(s) :=
{ √
ρ2 + s2 for 0 ≤ s ≤ δ
s for r − δ ≤ s ≤ r.
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and on the remaining part takes any value as long as 0 < β ′(s) ≤ 1 for 0 < s ≤ r− δ.
Then Fρ : L(r) \ E → int(B2n(r)) \B2n(ρ) defined as
Fρ(z) := β(|z|) z|z|
is a diffeomorphism such that ω˜(ρ) := F ∗ρ (ω0) is a symplectic form. So defined ω˜(ρ)
is such that
• ω˜(ρ) = ω0 on int(L(r) \ L(r − δ)) and
• ω˜(ρ) = ω(ρ) on L(δ).
We call (L(r), ω˜(ρ)) the local model of the symplectic one-point blow up.
In order to define the symplectic blow up of (M,ω) at x0, it is requiere a symplectic
embedding ι : (B2n(ρ), ω0) → (M,ω) and an almost complex structure J on (M,ω)
such that ι(0) = x0 and ι
∗J = J0. Notice that the symplectic embedding ι extends
to int(B2n(r)) for r such that r − ρ is small.
Finally, using the symplectic embedding as a symplectic chart and the local model
(L(r), ω˜(ρ)) defined above, the symplectic form of weight ρ on M˜ is defined as
ω˜ρ :=
{
ω on π−1(M \ ιB2n(√ρ2 + δ2))
ω˜(ρ) on Lr.
For further details and the dependence of the symplectic blow up on the choices that
we made see [4], [5] and [6]. The above observations are summarized in the next
proposition.
Proposition 3.1. Let (M,ω) be a symplectic manifold, ι : (B(r)2n, ω0) → (M,ω)
a symplectic embedding and J a ω-compatible almost complex structure such that
ι(0) = x0 and ι
∗J = J0. If ρ < r, then the symplectic blow up π : (M˜, ω˜ρ) → (M,ω)
of weight ρ satisfies:
(1) π : M˜ \ E →M \ {x0} is a diffeomorphism,
(2) π∗(ω) = ω˜ρ on π
−1(M \ ιB2n(r)), and
(3) the area of the line in E is ρ2π.
(4) J˜ is ω˜ρ-compatible.
From now on assume that J on (M,ω) satisfies the condition ι∗J = J0, where
J0 is the standard complex structure on C
n. It is well known that this condition
induces a unique almost complex structure J˜ on (M˜, ω˜ρ) such that the blow up map
π : (M˜, ω˜ρ) → (M,ω) is (J, J˜)-holomorphic. In particular π : M˜ \ E → M \ {x0} is
biholomorphic.
4. Lagrangian submanifolds and holomorphic disks
4.1. Lift of holomorphic disks. Fix a symplectic embedding ι : (B2n(ρ), ω0) →
(M,ω) and set x0 := ι(0) to be the base point.
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Consider L ⊂ (M,ω) a Lagrangian submanifold such that L ∩ ιB2n(ρ) is empty.
Then by part (2) of Proposition 3.1 it follows that L˜ := π−1(L) is a Lagrangian
submanifold in (M˜, ω˜ρ). However if L is such that L∩ ιB2n(ρ) is not empty, then L˜ is
not necessarily a Lagrangian submanifold, even if x0 /∈ L. Thus from now on we focus
only on Lagrangian submanifolds L ⊂ (M,ω) that are disjoint from the embedded
ball.
Let J be a ω-compatible almost complex structure on (M,ω) as in Section 3 and
J˜ the unique ω˜ρ-compatible almost complex structure on (M˜, ω˜ρ) such that the blow
up map π : (M,ω)→ (M˜, ω˜ρ) is (J, J˜)-holomorphic. Hence π : M˜ \E → M \ {x0} is
biholomorphic, therefore any J˜-holomorphic disk u˜ : (D, ∂D) → (M˜, L˜) projects to
a J-holomorphic disk π ◦ u˜ on (M,L). And vice versa, if u is a J-holomorphic disc
on (M,L) such that x0 /∈ u(D), then u˜ := π−1 ◦ u is a J˜ -holomorphic disc in (M˜, L˜).
Recall that we are assuming that the Lagrangian submanifold L ⊂ (M,ω) does not
contain the base point x0.
It only remains to analyze the lift of the J-holomorphic disk u : (D, ∂D)→ (M,L)
in the case when x0 ∈ u(D). Since the base point x0 is not on the Lagrangian
submanifold L ⊂ (M,ω) and the almost complex structure satisfies ι∗J = J0, in
order to define the lift of u to (M˜, ω˜ρ) we ignore the submanifold L and consider the
case (M,ω) = (Cn, ω0) blown up at the the origin. Thus x0 = 0 and u : D → Cn is
holomorphic with respect to the standard complex structure and 0 ∈ u(D).
For let u : D → Cn be a non constant holomorphic map such that u(0) = 0. Then
each non constant component function uj : D → C of u can be written as uj = zkjhj
where kj is the order of the zero of uj at 0 ∈ D. Thus kj is a positive integer and hj
is holomorphic function that does not vanish at 0. Except if uj ≡ 0, in this case we
set kj to be equal to ∞. Thus the holomorphic map u can be expressed as
u(z) = zk(hˆ1(z), . . . , hˆn(z))(5)
where k := min kj and at least one coordinate function hˆj does not vanish at 0 since
we assumed that u is non constant. The lift u˜ : D → C˜n of u is defined as
u˜(z) := (u(z), [hˆ1(z) : · · · : hˆn(z)]).(6)
So defined u˜, is holomorphic and projects to u under the blow up map. Notice that
if u˜0 is another J˜-holomorphic lift of u, then u˜ and u˜0 agree on D \ u˜−1(E). Since the
maps are J˜-holomorphic they agree on all D, thus the holomorphic lift of u is unique.
Remark. If ψ : Cn → Cn is a biholomorphism such that ψ(0) = 0 and u : D → Cn
is as above then the factorization of ψ ◦ u as in Eq. (5) gives the same value of k as
that of u. Thus k is independent of the coordinate system.
Now that we have defined the lift u : (D, ∂D) → (M,L) to (M˜, ω˜ρ), there is one
more consideration that needs attention; the behavior of u at the blown up point
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x0. If u : (D, ∂D) → (M,L) is a non constant J-holomorphic disk and z ∈ D \ ∂D
is such that u(z) = x0, then we define the multiplicity of u at z has the integer
k ∈ {0, 1, . . . ,∞} that appears in Eq. (5). Also we define the multiplicity of u at x0
as k1 + · · ·+ kr where u−1(x0) = {z1, . . . , zr} and the multiplicity of u at zj is kj. In
the case when x0 is not in the image of u, we say that u has multiplicity zero at x0.
Recall that since u is J-holomorphic, the preimage of a point under u is a finite set.
Proposition 4.1. Let J be an almost complex structure on (M,ω) as above, such
that ι∗J = J0 and J˜ the unique almost complex structure on (M˜, ω˜ρ) such that π is
(J˜ , J)-holomorphic. If u : (D, ∂D)→ (M,L) a non constant J-holomorphic disk, then
there exists a unique J˜-holomorphic map u˜ : (D, ∂D)→ (M˜, L˜) such that π ◦ u˜ = u.
Moreover if u has multiplicity k at x0, then u˜ · E = k.
Proof. It only remains to prove the relation u˜ ·E = k. Since the underlying manifold
(M˜, ω˜ρ) agrees with the complex blow up the exceptional divisor E is a J˜-holomorphic
submanifold of real codimension two of (M˜, ω˜ρ). Now the multiplicity of u at x0 is k,
therefore u˜ · E = k. 
4.2. Monotone Lagrangian on blow ups. For a Lagrangian submanifold L of
(M,ω), there exist two classical morphisms
Iµ,L :: π2(M,L)→ Z and Iω,L : π2(M,L)→ R;
the Maslov index and symplectic area morphisms respectively. The Lagrangian sub-
manifold is said to be monotone if there exists λ > 0 such that Iµ,L = λ · Iω,L. The
constant λ is called the monotonicity constant of L. As mentioned in Section 2, in
order to define Lagrangian Floer homology one restricts to monotone Lagrangians.
Thus if L ⊂ (M,ω) is a monotone Lagrangian submanifold we need to guarantee that
L˜ is a monotone Lagrangian on the one-point blow up (M˜, ω˜ρ).
If L is a monotone Lagrangian submanifold of (M,ω) with monotonicity constant λ,
then (M,ω) is monotone symplectic. That is Ic = (λ/2)Iω. In this case Iω is defined
on π2(M) and the morphism Ic : π2(M)→ Z is given by evaluating at the first Chern
class of (M,ω) with respect to any almost complex structure. Here α := λ/2 is the
monotonicity constant of (M,ω).
The first Chern classes of (M,ω) and the one-point blow (M˜, ω˜ρ) are related by the
equation
c1(M˜) = π
∗(c1(M))− (n− 1)PDM˜(E),(7)
where E is the class of the exceptional divisor. Recall that the underlying manifold
for the symplectic blow up is independent of the weight. Thus from Eq. (7) the
symplectic one-point blow up (M˜, ω˜ρ) is monotone if and only if
ρ2 =
n− 1
απ
.(8)
NON-HAMILTONIAN ISOTOPIC LAGRANGIANS ON THE ONE-POINT BLOW-UP OF CP
2
11
Furthermore if Eq. (8) holds, then (M˜, ω˜ρ) and (M,ω) have the same monotonicity
constant.
Throughout the paper we make the following assumptions. If the condition of
monotonicity on (M,ω) is required, we will assume that the Gromov width of (M,ω)
is greater than n− 1/α, where α is its monotonicity constant; and the weight ρ of
the one-point blow up (M˜, ω˜ρ) is subject to Eq. (8).
The two homotopy long exact sequences of the pairs (M˜, L˜) and (M,L) are related
by the blow up map, in the sense that the diagram
→ π2(L˜) i˜∗→ π2(M˜) j˜∗→ π2(M˜, L˜) δ˜→ π1(L˜) → π1(M˜) →
↓= ↓ π∗ ↓ π∗ ↓= ↓ π∗
→ π2(L) i∗→ π2(M) j∗→ π2(M,L) δ→ π1(L) → π1(M) →
is commutative.
In the remaining results of this section we will assume that M is simply connected.
Hence the one-point blow is also simply connected and by Hurewicz’s Theorem
π2(M) ≃ H2(M,Z) and π2(M˜) ≃ H2(M˜,Z).
Lemma 4.2. If L is a Lagrangian submanifold in (M,ω) that does not intersect the
embedded ball ι(B2n(ρ)) and M is simply connected, then the map π∗ : π2(M˜, L˜) →
π2(M,L) is surjective and
ker {π∗ : π2(M˜, L˜)→ π2(M,L)} = j˜∗ker {π∗ : π2(M˜)→ π2(M)}.
Proof. Since (M,ω) is assumed to be simply connected, then (M˜, ω˜ρ) is also simply
connected and π∗ : π2(M˜)→ π2(M) is surjective. Therefore from the above diagram,
π∗ : π2(M˜, L˜)→ π2(M,L) is also surjective.
Now we show that the kernel of π∗ : π2(M˜, L˜)→ π2(M,L) is contained in j˜∗ker {π∗ :
π2(M˜)→ π2(M)}; the reverse inclusion follows by the commutativity of the diagram.
For, let u ∈ π2(M˜, L˜) be an element that maps to e ∈ π2(M,L). Since π1(L) =
π1(L˜) then δ˜(u) = e and by exactness of the top sequence there is w ∈ π2(M˜)
such that j˜∗(w) = u. Note that π∗(j˜∗(w)) = e. Thus by exactness and the fact
that π2(L) = π2(L˜), there is w
′ ∈ π2(L˜) such that π∗(˜i∗(w′)) = π∗(w). Therefore
j˜∗(w − i˜∗(w′)) = u and w − i˜∗(w′) maps to e ∈ π2(M). 
If follows from Lemma 4.2 that elements of the kernel of π∗ : π2(M˜, L˜)→ π2(M,L)
are absolute classes. Therefore any [u˜] ∈ π2(M˜, L˜) can be expressed as [u˜] = [u0#w]
where [w] ∈ im {π2(M˜) → π2(M˜, L˜)} and u0 : (D, ∂D) → (M˜, L˜) does not intersect
the exceptional divisor.
12 ANDRE´S PEDROZA
Lemma 4.3. If L is a Lagrangian submanifold in (M,ω) that does not intersect the
embedded ball ι(B2n(ρ)), M is simply connected and [u] ∈ π2(M˜, L˜), then there exist
[w] ∈ π2(M˜) and u0 : (D, ∂D) → (M˜, L˜) such that π∗[w] = e, u0 does not intersect
the exceptional divisor and
[u] = [u0#(j˜ ◦ w)].
Proof. First assume that [u] is such that π∗[u] = e. Then by Lemma 4.2 there exists
[w0] ∈ π2(M˜) such that [u] = j˜∗[w0] = [˜j ◦w0]. Let [v] := π∗[w0], thus j∗[v] = e. Then
by the commutativity of the above diagram and the fact that π2(L˜) = π2(L), there
is [v0] ∈ π2(L˜) such that π∗ ◦ i˜∗[v0] = [v]. Therefore [w0]− i˜∗[v0] ∈ π2(M˜) is such that
j˜∗([w0]− i˜∗[v0]) = [u] and maps to e under π∗. Thus the result holds in this case.
Now for arbitrary [u] ∈ π2(M˜, L˜), let [u0] := π∗[u] ∈ π2(M,L). Since x0 is not in L,
there exist a continuous map u′0 : (D, ∂D)→ (M,L) such that x0 is not in u′0(D) and
[u0] = [u
′
0]. In particular, the map u
′
0 lifts to a map (M˜, L˜) that does not intersect the
exceptional divisor. Let u˜0 be such a map, thus [u˜0] ∈ π2(M˜, L˜) and [π ◦ u˜0] = [u′0].
Notice that [u]− [u˜0] maps to e under π∗. Hence there exists [w] ∈ π2(M˜) such that
π∗[w] = e and
[u] = [u˜0] + j˜∗[w] = [u˜0#(j˜ ◦ w)].

With these results is now possible to show that the lift to the one-point blow up of
a monotone Lagrangian submanifold is also monotone.
Lemma 4.4. Let L be a monotone Lagrangian submanifold in (M,ω) and the blow
up (M˜, ω˜ρ) as above. If (M,ω) is simply connected, then L˜ is monotone Lagrangian
submanifold of (M˜, ω˜ρ) with the same monotonicity constant as L.
Proof. Let λ and α := λ/2 be the monotonicity constants of L ⊂ (M,ω) and (M,ω)
respectively. Recall that the value of ρ =
√
n−1
αpi
is such that (M˜, ω˜ρ) is monotone
with monotonicity constant α.
For [u˜] in π2(M˜, L˜), by Lemma 4.3 we have that [u˜] = [u0#(j˜ ◦ w)] where u0 :
(D, ∂D)→ (M˜, L˜) does not intersect the exceptional divisor and [w] ∈ π2(M˜) is such
that π∗[w] = e. Therefore
Iµ˜,L˜([u˜]) = Iµ˜,L˜([u0]) + 2c1(M˜)([w])
Since u0 does not intersects the exceptional divisor, we can assume that its image lies
in M˜ \π−1(ιB2n(ρ)). By Proposition 3.1, (M˜ \π−1(ιB2n(ρ)), ω˜ρ) is symplectomorphic
to (M \ ιB2n(ρ), ω) under the blow up map. The Maslov index is invariant under
symplectic diffeomorphisms, thus Iµ˜,L˜([u0]) = Iµ,L([π ◦ u0]) and
Iµ˜,L˜([u˜]) = Iµ,L([π ◦ u0]) + 2c1(M˜)([w]).
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Now c1(M˜)([w]) depends on the homology class induced by [w] under the Hurewicz
morphism. Furthermore, since π∗[w] = e then as a homology class [w] is a purely
exceptional class. So if LE denotes the class of the line in the exceptional divisor,
then as homology classes [w] = ℓ[LE ] for some ℓ ∈ Z. Similarly for ω˜ρ([w]). In this
case ω˜ρ([LE ]) = πρ
2. Thus
c1(M˜)[LE ] = π
∗(c1(M))[LE ]− (n− 1)PDM˜(E)[LE ] = n− 1
and
Iµ,L([π ◦ u0]) + 2c1(M˜)([w]) = Iµ,L([π ◦ u0]) + 2(n− 1)ℓ
= λIω([π ◦ u0]) + 2(n− 1)ℓ
= λIω([π ◦ u0]) + (2α)πρ2ℓ
= λω([π ◦ u0]) + λIω˜ρ([w]) = λIω˜ρ([u˜]).
That is, Iµ˜,L˜([u˜]) = λIω˜ρ([u˜]) for all [u˜] ∈ π2(M˜, L˜) and L˜ is a monotone Lagrangian
submanifold. 
Notice from the above proof, that the Maslov index of u˜ : (D, ∂D) → (M˜, L˜) can
be written in terms of the Maslov index of π ◦ u˜.
Lemma 4.5. Let (M,ω) and L as in Lemma 4.4. If u˜ : (D, ∂D) → (M˜, L˜) is a
smooth map, then
µL˜[u˜] = µL[π ◦ u˜] + 2(n− 1)ℓ
for some ℓ ∈ Z.
In the case of a J-holomorphic disk, we have a precise description of the integer ℓ
that appears in the above formula.
Corollary 4.6. Let (M,ω) and L as in Lemma 4.4 and J a ω-compatible almost
complex structure on (M,ω). If u˜ : (D, ∂D)→ (M˜, L˜) is J˜-holomorphic and [u˜] ·E =
ℓ ≥ 0, then
µL˜[u˜] = µL[π ◦ u˜] + 2(n− 1)ℓ.
Hence the holomorphic disks u˜ and π ◦ u˜ have the same Maslov index if and only
if u˜ does not intersect the exceptional divisor, or equivalently π ◦ u˜ does not contain
the base point x0.
Finally recall that the minimal Maslov number Σ(L) of a Lagrangian submanifold L
in (M,ω) is defined as the the positive generator of the image of Iµ,L : π2(M,L)→ Z.
Then under the considerations of Lemma 4.5 we have that
Σ(L) ≤ Σ(L˜).
Remark. The statements presented in this section regarding the Maslov index µL of a
Lagrangian submanifold L, also apply to the relative Maslov index µL0,L1 of the pair
of Lagrangian submanifolds L0 and L1 that intersect transversally.
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5. Lagrangian Floer homology on the blow up
Let (M,ω) be a closed symplectic manifold, and L0 and L1 Lagrangian subman-
ifolds that intersect transversely and Σ(Lj) ≥ 3 for j = 0, 1. For the moment, the
Lagrangian submanifolds do not have to be monotone. As above, we assume that
they do not intersect the image of the embedded ball ι : (B2n(ρ), ω0) → (M,ω). Fi-
nally we also assume that there exists a ω-compatible almost complex structure J in
Jreg(L0, L1) such that ι∗J = J0.
Proposition 5.1. Let (M,ω), L0, L1 and ι : (B
2n(ρ), ω0) → (M,ω) as above. If J
be a regular ω-compatible almost complex structure for (L0, L1) and J˜ the unique ω˜ρ-
compatible almost complex structure on (M˜, ω˜ρ) such that π is (J˜ , J)-holomorphic,
then J˜ is regular for (L˜0, L˜1).
Proof. Let u˜ : (D, ∂D) → (M˜, L˜0 ∪ L˜1) be a J˜ -holomorphic disk that joints the
intersection points p˜ and q˜. Since the blow up map is holomorphic, π ◦ u˜ is a J-
holomorphic disk that joints the intersection points p = π(p˜) and q = π(q˜) and its
boundary lies in L0 ∪ L1, π ◦ u˜(·, j) ∈ Lj for j = 1, 2. Since J is regular for (L0, L1),
then the operator
D∂(J),pi◦u˜ : W
p
k ((π ◦ u˜)∗TM ;L0, L1)→ Lp((π ◦ u˜)∗TM)
is surjective.
The blow up map induces an operator between the spaces of sections Lp(u˜
∗TM˜)
and Lp((π ◦ u˜)∗TM) as follows. In the case when u˜ does not intersect the exceptional
divisor, the map
πLu˜ : Lp(u˜
∗TM˜)→ Lp((π ◦ u˜)∗TM)
is defined as πLu˜ (ξ) := π∗(ξ). Note that it is well defined and surjective. Now in the
case when u˜(D)∩E is not empty, then since u˜ is holomorphic we have that u˜−1(E) is
a finite set in D. So in this case πLu˜ (ξ) is defined in the same way as in the previous
case on D \ u˜−1(E) and equal to zero on u˜−1(E). Also in this case πLu˜ is well defined
and surjective. That is, for every u˜ holomorphic disk the map πLu˜ is surjective. The
same reasoning shows that the map
πWu˜ :W
k
p (u˜
∗TM˜ ; L˜0, L˜1)→W kp ((π ◦ u˜)∗TM ;L0, L1)
defined as πWu˜ (ξ) = π∗(ξ) on D \ u˜−1(E) and zero on u˜−1(E) is well defined and
surjective.
Notice that we have a commutative relation
πLu˜ ◦D∂(J˜),u˜ = D∂(J),pi◦u˜ ◦ πWu˜ .
Since D∂(J),pi◦u˜ is surjective, then D∂(J˜),u˜ is surjective and J˜ is regular for (L˜0, L˜1). 
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For p˜ and q˜ in L˜0 ∩ L˜1, J a regular ω-compatible almost complex structure on
(M,ω) and β ∈ π2(M˜, L˜0 ∪ L˜1) there is a smooth map
Mπ :M(p˜, q˜, β, J˜)→M(p, q, π∗(β), J)
induced by the blow up map. This map is not necessarily surjective. For, suppose
that u a J-holomorphic disk such that [u] = π∗(β), π∗(β) ∈ π2(M,L0 ∪ L1) is non
trivial and u(z0) = x0 for some z0 ∈ Int(D). Then by Proposition 4.1 and Corollary
4.6, u has the unique holomorphic lift u˜ is such that µL˜0,L˜1(u˜) > µL0,L1(u). Hence
if the class β does not have an exceptional part, we get that the lift u˜ does not lie
in M(p˜, q˜, β, J˜). This observation is the idea behind Theorem 1.1; that is, is what
makes HF(L0, L1) not isomorphic to HF(L˜0, L˜1) in some cases.
However if we ignore the homotopy class and consider the whole moduli space, then
by Propositions 4.1 and 5.1, the map Mπ is surjective.
Proposition 5.2. Let L1and L2 as in Proposition 5.1. The map
Mπ :M(p˜, q˜, J˜)→M(p, q, J)
given by Mπ(u˜) = π ◦ u˜ is surjective.
Now we present the proof of Corollary 1.4. In our opinion, it sets the ground for
the proof of Theorem 1.3.
Proof of Corollary 1.4. Notice that there is a bijection between L0 ∩L1 and L˜0 ∩ L˜1.
Consequently a Λ-linear isomorphism
πCF : CF(L˜0, L˜1)→ CF(L0, L1)
defined on generators as πCF(p˜) = p. And by Lemma 4.4, L˜j is a monotone Lagrangian
submanifold in (M˜, ω˜ρ) for j = 0, 1.
By hypothesis there exists a regular ω-compatible almost complex structure J on
(M,ω) for the pair (L0, L1) such that ι
∗J = J0. Then by Proposition 5.1, the unique
ω˜ρ-compatible almost complex structure J˜ in (M˜, ω˜ρ) is regular for (L˜0, L˜1).
Fix p˜, q˜ ∈ L˜0 ∩ L˜1. If u˜ is a J˜-holomorphic disk of Maslov index equal to 1 with
boundary in u˜(·, j) ∈ L˜j for j = 1, 2, and joining p˜ and q˜, then it does not intersect the
exceptional divisor. Otherwise, by Corollary 4.6, its Maslov index would be greater
than 1. Therefore π ◦ u˜ does not goes thru x0. Hence it is a J-holomorphic disk of
Maslov index equal to 1 with boundary in π ◦ u˜(·, j) ∈ Lj for j = 1, 2 and joining p
and q.
Conversely if u is a J-holomorphic disk of Maslov index equal to 1 with boundary
in u(·, j) ∈ Lj for j = 1, 2, that joints p and q, then the lift u˜ joints p˜ and q˜ and
if J˜-holomorphic. Moreover since x0 is not inside u, its lift u˜ does not meet the
exceptional divisor and by Corollary 4.6 it has Maslov index equal to 1.
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Thus πCF is a chain map, πCF ◦ ∂J˜ = ∂J ◦ πCF, that induces an isomorphism
πCF : HF(L˜0, L˜1)→ HF(L0, L1). 
Next a minor adaptation in the above proof, gives the proof of Theorem 1.3.
Proof of Theorem 1.3. Let L0 and L1 be Hamiltonian isotopic Lagrangian submani-
folds. As in the above proof, L˜0 and L˜1 are monotone Lagrangian submanifolds in
(M˜, ω˜ρ) and
πCF : CF(L˜0, L˜1)→ CF(L0, L1)
is a Λ-linear isomorphism.
However in this case there is no bijection between J˜ -holomorphic of Maslov index
equal to 1 and J-holomorphic of Maslov index equal to 1. By hypothesis there exists
one J-holomorphic disk u0 that goes thru x0, has boundary in u0(·, j) ∈ Lj for j = 1, 2
and its Maslov index is 1. Hence it contributes to 〈p, ∂J(q)〉. By Corollary 4.6, the
Maslov index of its lift u˜0, which is J˜-holomorphic, is greater than 1. Accordingly
〈p˜, ∂J˜(q˜)〉 = 〈p, ∂J(q)〉 − 1 in Z2
Since there is only one such J-holomorphic disk, as Λ-modules HF(L0, L1) is not
isomorphic to HF(L˜0, L˜1). Since L0 is Hamiltonian isotopic to L1, this means that
HF(L˜0, L˜1) is not isomorphic to HF(L˜0)⊗ Λ and Theorem 1.3 follows. 
6. The symplectic embedding of the ball in (CP 2, ωFS) and the proof
of Theorem 1.1
In this section we fixed the Hamiltonian diffeomorphism ψ : (CP 2, ωFS)→ (CP 2, ω)
that will be used to define the Lagrangian submanifold L1 that is part of the hypoth-
esis of Theorem 1.1. Also we define a symplectic embedding ι : (B4(1/
√
3), ω0) →
(CP 2, ωFS) such that its image is disjoint from the Lagrangian submanifolds L0 = RP
2
and L1 = ψ(RP
2).
To that end consider the symplectic embedding j : (IntB4(1), ω0) → (CP 2, ωFS)
given by j(w1, w2) = [
√
1− |w1|2 − |w2|2 : w1 : w2]. The image of j is precisely the
standard open set U0 = {[1 : z1 : z2]|z1, z2 ∈ C} ⊂ CP 2 and is holomorphic with
respect to the standard complex structures. Its inverse is given by
j−1([1 : z1 : z2]) =
1√
1 + |z1|2 + |z2|2
(z1, z2) .
Now let {ψt}0≤t≤1 be the Hamiltonian circle action on (CP 2, ωFS) defined at the
Introduction, namely
ψt([z0 : z1 : z2]) = [z0 : e
2piit·1z1 : e
2piit·2z2].
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Thus the fixed point set of the action is {p0 := [1 : 0 : 0], p1 := [0 : 1 : 0], p2 := [0 : 0 :
1]}. The Hamiltonian circle action on (CP 2, ωFS) pulls under j−1 to a Hamiltonian
circle action on (IntB4(1), ω0) defined as
φt(w1, w2) = (e
2piit·1w1, e
2piit·2w2).
Hence the origin is the only fixed point, which corresponds to p0. We used this
observation to define the desire embedding.
Proposition 6.1. There exists a symplectic embedding ι : (B4(1/
√
3), ω0)→ (CP 2, ωFS)
and a positive integer N0(ι) ∈ N that depends on ι such that for N ≥ N0,
ι(B4(1/
√
3)) ∩ (RP 2 ∪ ψ1/N (RP 2)) = ∅.
Additionally, if J is the standard complex structure on (CP 2, ωFS) then ι
∗J = J0.
Proof. Since Vol(IntB2(1), ω0)/2 is greater than Vol(B
2(1/
√
3), ω0), there exists an
area preserving diffeomorphism j1 : (B
2(1/
√
3), ω0)→ (IntB2(1), ω0) such that
• j1(B2(1/
√
3)) ∩ {(x1, 0)| − 1 < x1 < 1} = ∅ and
• j1(0, 0) = (0, 1/2).
Now let j2 : (B
2(1/
√
3), ω0)→ (IntB2(1), ω0) be any area preserving diffeomorphism
such that j2(0, 0) = (0, 0). Moreover, is possible to choose j1 and j2 to be holomorphic.
Next we define ι : (B4(1/
√
3), ω0) → (CP 2, ωFS) as ι(w1, w2) = j(j1(w1), j2(w2)).
So defined ι is a symplectic embedding, holomorphic and ι(0, 0) = j(i/2, 0) = [1/
√
2 :
i/2 : 0]. Further since j1 misses the x1-axis, ι(B
4(1/
√
3)) ∩ RP 2 is empty.
Since ψ0 is the identity map and ι(B
4(1/
√
3)) ⊂ CP 2 is closed, then there exists a
large N0 ∈ N such that for every N ≥ N0, ι(B4(1/
√
3))∩ψ1/N (RP 2) is also empty. 
Remark. Pulling back under the symplectic diffeomorphism j−1 the above construc-
tion, on (int(B4(1)), ω0) we have the following: the Lagrangian RP
2 corresponds to
(x1, x2); (i/2, 0) corresponds to the center of the embedded ball and the diffeomor-
phisms ψt correspond to
φt(x1 + iy1, x2 + iy2) = (e
2piit·1(x1 + iy1), e
2piit·2(x2 + iy2)).
Recall that (CP 2\CP 1, ωFS) is symplectomorphic to (Int(B4(1)), ω0). According to
Brian [2, Theorem 1.B], any symplectic embedding ι : (B4(r), ω0)→ (CP 2, ωFS) such
that r2 ≥ 1/2 intersects RP 2. Furthermore the bound on the radius is optimal. That
is if r2 < 1/2, then there exists a symplectic embedding ι : (B4(r), ω0)→ (CP 2, ωFS)
whose image does not intersects RP 2. Notice that the argument of the proof of
Proposition 6.1 can be adapted to give the optimal symplectic embedding established
by Brian. In the proof of Proposition 6.1, replace 1/
√
3 by r < 1/
√
2.
Fix N ∈ N such that 1/2N ≥ N0 as in Proposition 6.1 and set L1 := ψ1/2N (RP 2).
For ρ2 = 1/3, the one-point blow up of (CP 2, ωFS) is a monotone symplectic manifold,
and L0 and L1 do not intersect the image of the embedded ball (B
4(1/
√
3), ω0).
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The standard complex structure J on (CP 2, ωFS) is regular for the pair of La-
grangians L0 and L1; see Oh [8]. Further, ι(0, 0) = [1 : i/
√
2 : 0] lies in a unique
holomorphic disk u0 of Maslov index 1 determined by the intersection points p0 :=
[1 : 0 : 0] and p1 := [0 : 1 : 0]. Moreover the Hamiltonian loop {ψt} is induced by the
Hamiltonian function
H([z0 : z1 : z2]) :=
−π
|z0|2 + |z1|2 + |z2|2
{|z1|2 + 2|z2|2} ,
thus the J-holomorphic disk u0 goes from p0 to p1;
lim
s→−∞
u0(s, t) = p0 and lim
s→+∞
u0(s, t) = p1.
Poof of Theorem 1.1. Let ι : (B4(1/
√
3), ω0) → (CP 2, ωFS) be the symplectic em-
bedding defined in Proposition 6.1. With respect to this embedding we blow up
(CP 2, ωFS) at ι(0, 0) = [1/
√
2 : i/2 : 0], to obtain (C˜P 2, ω˜ρ). Note that the value of
ρ is such that (C˜P 2, ω˜ρ) is monotone.
Let N be large as in Proposition 6.1 and define L1 := ψ1/2N (L0) so that it avoids
the image of ι. Since L0 and L1 are monotone Lagrangian submanifolds, it follows
by Lemma 4.4 that L˜0 := π
−1(L0) and L˜1 := π
−1(L1) are monotone Lagrangian
submanifolds in the blow up.
In order to compute the Lagrangian Floer homology of the pair (L˜0, L˜1) we need
a regular almost complex structure. To that end recall from [8, Prop. 4.3] that the
standard complex structure J on (CP 2, ωFS) is regular for the pair of Lagrangian
submanifolds (L0, L1). Furthermore, by Proposition 6.1 the symplectic embedding
used to define the one-point blow up satisfies ι∗J = J0. Thus if J˜ is the unique
ω˜ρ-compatible almost complex structure on (C˜P
2, ω˜ρ) induced by J , we have by
Proposition 5.1 that J˜ is regular for the pair of Lagrangians (L˜0, L˜1).
Recall that L0 and L1 intersect transversally and L0 ∩ L1 = {p0 := [1 : 0 : 0], p1 :=
[0 : 1 : 0], p2 := [0 : 0 : 1]}. Additionally by [8, Prop. 4.5] ∂J (pj) = 0 for j = 0, 1
and 2 since there is an even number of of J-holomorphic disks joining intersection
points with boundary in the Lagrangian submanifolds and of Maslov index equal to
1. Hence the lifted Lagrangians also intersect transversally and L˜0∩ L˜1 = {p˜0, p˜1, p˜2},
where π(p˜j) = pj . It only remains to compute ∂J˜ (p˜j).
To that end, recall from Section 4 that every J-holomorphic disk in (CP 2, ωFS) lifts
to a unique J˜ -holomorphic disk in (C˜P 2, ω˜ρ). Further, by Corollary 4.6 the Maslov
indices of a disk and its lift agree except in the case when it goes thru the blown up
point.
There exists a unique regular J-holomorphic sphere, namely
{[1 : z1 : 0]|z1 ∈ C} ∪ {[0 : 1 : 0]},
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in (CP 2, ωFS) thru the point ι(0, 0) = [1 : i/
√
2 : 0]. Further the sphere intersects
the Lagrangian submanifolds and contains the points p0 and p1. Hence the slice of
the J-holomorphic sphere that contains ι(0, 0) and is delimited by the Lagrangians is
the unique J-holomorphic disk u0 of Maslov index 1 determined by the intersection
points p0 and p1 and goes thru the blown up point. Thus the Maslov index of the
lifted disk u˜0 is 3 and ∂J˜ (p˜2) = 0 since any J-holomorphic disk that contains p2 and
has Maslov index 1 does not go thru ι(0, 0) = [1 : i/
√
2 : 0]. Further ∂J˜ is not the
zero map.
As mentioned above, the J-holomorphic disk u0 goes from p0 to p1;
lim
s→−∞
u0(s, t) = p0 and lim
s→+∞
u0(s, t) = p1.
This means that
∂J˜ (p˜0) = 0 and ∂J˜ (p˜1) = p˜0T
α
where α := π(2N−1 − 1)/2N is the ω˜ρ-area of J˜-holomorphic disk of Maslov index
1 that connects p˜0 to p˜1; which is the same as the ωFS-area of the corresponding
J-holomorphic disk of Maslov index 1 that connects p0 to p1. Therefore Theorem 1.1
follows and
HF(L˜0, L˜1) = Λ{p˜2}.

7. Proof of Theorem 1.2
Before moving on to the proof of Theorem 1.2, there are some adaptations of some
results of [8] that need to be made.
Let {ψt}0≤t≤1 be the Hamiltonian circle action on (CP 2, ωFS) defined in the previous
section, where ψ0 = 1 and L0 = RP
2. Then in [8], the Hamiltonian diffeomorphism
used to define the Lagrangian L1 was ψ1/2N for a large fixed N . That is L1 :=
ψ1/2N (RP
2). This particular type of Hamiltonian diffeomorphism was used at two
key steps.
a) In [8, Prop. 4.3] to prove the regularity of the standard complex structure
J for (L0, L1). Here the Hamiltonian diffeomorphism was useful in order to
show that if u is a J-holomorphic disk such that u(·, j) ∈ Lj for j = 0, 1, then
is part of a J-holomorphic sphere.
b) In [8, Prop. 4.5] to prove that the Floer differential on CF(L0, L1) is identically
zero. If u is a J-holomorphic disk such that u(·, j) ∈ Lj for j = 0, 1 and has
Maslov index equal to 1, then there exists a different J-holomorphic disk with
the same properties. That is, holomorphic disks of Maslov index equal to 1
come in pairs.
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These two assertions remain valid if the Hamiltonian diffeomorphism ψ1/2N is replaced
by ψ1/(2M) for a large fixed M . Here the factor of two in the denominator of the time
parameter is to guarantee assertion (b).
The next lemma is a technical result that will be used in the proof of Theorem 1.2.
Its proof is a straightforward computation.
Lemma 7.1. Let k and N0 be a positive integers. If A := (2k)! ·N0 and
tj :=
2j
A
for 0 ≤ j ≤ k, then
tj − ti = 1
2 ·Mij
for i < j and some Mij ∈ N.
Finally we give the proof of Theorem 1.2. To that end, we recall that the symplectic
embedding
ι : (B4(1/
√
3), ω0)→ (CP 2, ωFS)
defined in Proposition 6.1 is such that ι(B4(1/
√
3))∩RP 2 is empty and ι(0, 0) = [1 :
i/
√
2 : 0]. This embedding is used to define the one-point blow up (C˜P 2, ω˜ρ) that
appears below.
Theorem 1.2. If k is a positive integer and (C˜P 2, ω˜ρ) is the symplectic one-point
blow of (CP 2, ωFS) of weight ρ = 1/
√
3, then there exist Hamiltonian isotopic La-
grangian submanifolds L0 = RP
2, L1, . . . , Lk in (CP
2, ωFS) that lift to monotone
Lagrangian submanifolds L˜0, L˜1, . . . , L˜k in (C˜P
2, ω˜ρ) such that no two of them are
Hamiltonian isotopic.
Proof. Set L0 := RP
2 and let N0 ∈ N be such that ψt(L0) does not intersect
ιB4(1/
√
3) for all t ≤ 1/N0. Now given a positive integer k, by the above lemma
there are 0 = t0 < t1 < · · · < tk < 1/N0 such that
ts − tr = 1
2 ·Mrs for r < s and Mrs ∈ Z.
Define the collection of Hamiltonian isotopic Lagrangian submanifolds as Lr :=
ψtr(L0) for 1 ≤ r ≤ k. Since Lr does not intersect the embedded ball, L˜0 :=
R˜P 2, . . . , L˜k are Lagrangian submanifolds in (C˜P
2, ω˜ρ). Further by Lemma 4.4, the
Lagrangians L˜0 . . . , L˜k are monotone.
Now for any r < s, the Lagrangian pair (Lr, Ls) is mapped to (L0, ψts−tr(L0)) =
(L0, ψ1/2Mrs(L0)) by ψ−tr . Therefore Lr and Ls intersect transversally at p0, p1 and
p2. Furthermore, since the diffeomorphisms {ψt}0≤t≤1 are in fact Ka¨hler diffeo-
morphisms and the standard complex structure J of (CP 2, ωFS) and is regular for
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(L0, ψ1/2Mrs(L0)), if follows that J is also regular for (Lr, Ls). Therefore
HF(Lr, Ls) ≃ HF(L0, ψ1/2Mrs(L0)) ≃ H∗(RP 2;Z2)⊗Z2 Λ.
Finally, following the same argument as in the proof of Theorem 1.1, we claim that
L˜r is not Hamiltonian isotopic to L˜s. For, ψ−tr maps the holomorphic sphere
{[1 : z1 : 0]|z1 ∈ C} ∪ {[0 : 1 : 0]},
to itself. As in the proof of Theorem 1.1, there exists a holomorphic disk u with
boundary in u(·, 0) ∈ L0 and u(·, 1) ∈ ψ1/2Mrs(L0), of Maslov index 1, contains
the point [1 : e2piitr · i/√2 : 0] and is part of the holomorphic sphere mentioned
above. Therefore ψ−tr ◦ u is a holomorphic disk of Maslov index 1, with boundary
in ψ−tr ◦ u(·, 0) ∈ Lr and ψ−tr ◦ u(·, 1) ∈ Ls. Hence the disk ψ−tr ◦ u lifts to a
holomorphic disk (ψ−tr ◦ u)˜ in (C˜P 2, ω˜ρ) with boundary in (ψ−tr ◦ u)˜ (·, 0) ∈ L˜r and
(ψ−tr ◦ u)˜ (·, 1) ∈ L˜s but with Maslov index equal to 3. Therefore
HF(L˜r, L˜s) ≃ Λ{pt}.
and L˜r is not Hamiltonian isotopic to L˜s in (C˜P
2, ω˜ρ).

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